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COOPERATIVE HALF-GUARDS IN ART GALLERIES
DANIEL FLORENTINO, ETHAN MOY, AND ROBERT MUTH
Abstract. In any simple polygonal art gallery P with n walls, we show that it is possible to
place ⌊n/2⌋ − 1 guards whose range of vision is 180◦ in such a way that every interior point of
the gallery can be seen by one of them, and such that the mutual visibility graph formed by
the guards is connected. This upper bound is tight, in that there exist galleries which require
this number of guards, and equals the known result for guards with full 360◦ range of vision.
We also show that for orthogonal art galleries, this result may be improved to ⌊n/2⌋− 2 guards
with 180◦ range of vision.
1. Introduction
The art gallery problem encompasses a wide range of problems in geometry and combinatorics.
In this problem, one considers a simple closed polygon P as the floor plan of an art gallery. A
‘guard’ within P is a stationary point with a fixed range of view, and we say that a guard g sees
a point p ∈ P if the line segment gp lies within P and within g’s range of view. We will restrict
our attention in this paper to full-guards (which see 360◦ around them), and half-guards (which
have a visibility range of 180◦). A set of guards G is said to monitor P if every point in P is
seen by some guard in G. As reported by Honsberger [4], Klee posed the following question in
1973:
Question 1. How many full-guards are sufficient to monitor any art gallery with n walls?
This was answered by Chva´tal in 1975 [1], who showed that ⌊n/3⌋ full-guards are always
sufficient and sometimes necessary to monitor an art gallery P with n walls. In 1978, Fisk [2]
provided an elegant proof of this same fact based on 3-colorings of a triangulation graph for P .
In 2000, Urrutia [7] posed the related question:
Question 2. How many half-guards are sufficient to monitor any art gallery with n walls?
While there certainly exist art galleries which require more half-guards to monitor than full-
guards (as in Figs. 1 and 2), the somewhat surprising answer to Question 2 is that the bound
given by Chva´tal applies to half-guards as well; in 2000, To´th [6] showed that ⌊n/3⌋ half-guards
are always sufficient to monitor an art gallery P with n walls.
Fig. 1: One full-guard monitors P Fig. 2: Two half-guards monitor P
A modification of the art gallery problem that has garnered attention is the notion of coop-
erative guards, proposed by Liaw, Huang and Lee [5]. The mutual visibility graph of a guard
set G is the graph whose nodes consist of the guards themselves, with an edge connecting two
guards if they see each other. Then a guard set is said to be cooperative if the mutual visibility
graph is connected; the idea being that cooperative guards can effectively pass messages to each
1
2 DANIEL FLORENTINO, ETHAN MOY, AND ROBERT MUTH
other via a chain of line-of-sight communication. We have the obvious extension of Question 1
to this setting:
Question 3. How many cooperative full-guards are sufficient to monitor any art gallery with n
walls?
Herna´ndez-Pen˜alver [3] settled this question by showing that ⌊n/2⌋−1 cooperative full-guards
are always sufficient and sometimes necessary to monitor an art gallery P with n ≥ 4 walls.
Fig. 3: A cooperative half-guard set, with mutual visibility graph indicated with dashed lines
To the authors’ knowledge, no work has yet been done in studying the notion of cooperative
guards with less-than-full viewing range, though this topic was raised in [8]. For half-guards,
there is a wider range of notions of cooperativeness that one could consider, as now one guard
may see another but not vice versa. In this paper we still utilize the rather strong criteria
that a set of half-guards is cooperative only if the mutual visibility graph is connected, as we
make the assumption that two guards can only effectively communicate if they see one another
simultaneously. An example of a cooperative half-guard set for an art gallery P is shown in
Fig. 3 above. At the intersection of Questions 2 and 3 is:
Question 4. How many cooperative half-guards are sufficient to monitor any art gallery with n
walls?
We propose to answer Question 4 in this paper. As with To´th’s result in the non-cooperative
setting, it turns out that the bound proven in [3] for cooperative full-guards remains in place
for cooperative half-guards. In Theorem 6.1 and Corollary 6.2, we show:
Theorem A. For n ≥ 4, ⌊n/2⌋− 1 cooperative half-guards are always sufficient and sometimes
necessary to monitor an art gallery with n walls.
Our result is in fact slightly stronger than stated in Theorem A, as we show that if P is
an even-sided art gallery, then the given cooperative half-guard set may be constructed with a
half-guard aligned along any given wall in P . Additionally, Herna´ndez-Pen˜alver [3] showed that
if P is an orthogonal art gallery with n walls—i.e., all walls of P are at right angles to each
other—then the bound for cooperative full-guards may be slightly improved to ⌊n/2⌋ − 2. We
extend this result to cooperative half-guards as well:
Theorem B. For n ≥ 6, n/2 − 2 cooperative half-guards are always sufficient and sometimes
necessary to monitor an orthogonal art gallery with n walls.
This theorem appears as Theorem 7.1 and Corollary 7.2 in the text. Our methods for proving
Theorems A and B are inductive and constructive, in that one can inductively follow the steps
in the proofs of Theorems 6.1 and 7.1 in order to construct a cooperative half-guard set of
the appropriate size for any art gallery. Our approach requires a mixture of geometrical and
combinatorial tools, and as such cannot guarantee that all half-guards are placed at vertices,
unlike in the full-guard setting.
The structure of this paper is as follows. In §2 we discuss geometrical and combinatorial
preliminaries, and prove a few necessary lemmas on decompositions of polygons. In §3 we set
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our terminology for half-guards. In §4 we prove what amounts to base cases of Theorem A for
triangles, quadrilaterals, and pentagons. In §5, we describe some conditions under which coop-
erative half-guard sets for polygons in a decomposition of P may be merged into a cooperative
half-guard set for P . Finally, in §6 and §7 we prove the main Theorems A and B.
2. Preliminaries
Let P be a simple closed polygon (henceforth, just polygon) with n ≥ 3 sides. We will
occasionally designate a polygon via the notation P = [v1, v2, . . . , vn], where v1, . . . , vn are the
vertices of P , and v1v2, . . . , vn−1vn, vnv1 are the sides of P . If the interior angle at a vertex v of
P is greater than 180◦, we say that v is reflex, and otherwise we say it is convex. A polygon is
orthogonal if the interior angle at each vertex is either 90◦ or 270◦. Notably, every orthogonal
polygon has an even number of sides.
2.1. Partitions and decompositions. In this paper, a partition D of P is a set of pairwise
non-overlapping polygons (i.e., intersecting only in a finite union of line segments) such that
P =
⋃
D∈DD. We say that D is moreover a decomposition of P if the vertices of every D ∈ D
are vertices of P .
2.2. Cuts. A cut in P is a line segment vw, where v,w ∈ ∂P and the relative interior of vw is
contained in the interior of P . If v,w are vertices of P , we say the cut vw is a diagonal.
Assume v is a reflex vertex in P , adjacent to a vertex u. Then the ray # »uv passes into the
interior of P after leaving v, and first intersects ∂P at some point b. We refer to the cut vb as
a # »uv-cut in P .
2.3. Partitions induced by cuts. A cut vw induces a partition of D = {P1, P2} of P into
polygons P1, P2, with side numbers n1, n2 respectively, such that vw ⊂ ∂P1, ∂P2, and P1 ∩P2 =
vw. We consider some special situations of partitions induced along cuts:
P1
P2
v
w
P1
P2v
u
w
P1
P2
w
v
u
Fig. 4: Diagonal cut Fig. 5: Diagonal # »uv-cut Fig. 6: Non-diagonal # »uv-cut
(i) Assume vw is a diagonal. Then vw is a side in each of P1, P2, D is a decomposition of
P , and n1 + n2 = n+ 2, as in Fig. 4.
(ii) Assume vw is a # »uv-cut for some reflex vertex v adjacent to a vertex u. Then uw is a side
in one polygon in D, and vw is a side in the other polygon in D. We have n1+n2 = n+1
if w is a vertex in P (so that vw is a diagonal), as in Fig. 5, and n1+ n2 = 2 otherwise,
as in Fig. 6.
2.4. Trees. A tree is a connected graph with no cycles, or equivalently, a graph in which all
nodes are connected by exactly one path. We write |G| for the number of nodes in G. The
degree of a tree G is the maximum degree of all nodes in G. A rooted tree is a tree in which one
node r has been designated a root. The depth of a node x in a rooted tree is the length of the
path from x to the root r. For nodes x, y in a rooted tree, we say that y is a descendant of x if
the path from y to r includes the node x.
A forest is a graph in which all nodes are connected by at most one path. The connected
components of a forest are trees. If G is a tree and E is a subset of edges of G, let Gˆ(E)
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designate the forest obtained by deleting all edges in E from G. Then Gˆ(E) has component trees
G0, . . . , Gk, where k = |E|.
2.5. Triangulations. We say that a decomposition T is a triangulation of P if every T ∈ T
is a triangle. It is well known that triangulations always exist, and every triangulation of P
necessarily consists of n− 2 triangles. The sides of triangles in T are diagonals or sides in P .
If T is a triangulation of P , we write GT for the (weak) dual graph of the triangulation. The
nodes of GT are the triangles in T , and two nodes T1, T2 ∈ T are connected by an edge in GT if
and only if the triangles T1, T2 share a side; i.e., their intersection is a diagonal in P . The dual
graph GT is a tree with n− 2 nodes and degree less than or equal to three.
Fig. 7: Triangulation T of P Fig. 8: Superimposed dual graph Fig. 9: Dual graph GT
If E is a subset of k edges in GT , we may specify an associated decomposition DˆT (E) of
P into k + 1 polygons, as shown in Figs. 10–12 below. Let GˆT (E) be the forest obtained by
deleting the edges in E , as described in §2.4, which has component trees G0, . . . , Gk. For each
Gi, we have an associated polygon Pi which is the union of the nodes (triangles) in Gi. Then
DˆT (E) = {P0, . . . , Pk} is a decomposition of P , where Pi, Pj intersect in a diagonal d if and only
if d corresponds to the edge in E which connects Gi to Gj in GT . Moreover, the nodes of Gi
comprise a triangulation of Pi, so in particular Pi is a (|Gi|+ 2)-sided polygon.
Fig. 10: Selected edges E in GT Fig. 11: Forest GˆT (E) superimposed on P Fig. 12: Decomposition DˆT (E) of P
2.6. Some useful decomposition results. In this subsection we establish some decomposition
results which will prove useful in §6. In all cases we make use of the method of specifying
decompositions using the triangulation dual graph described in §2.5.
Lemma 2.1. Let G be a tree, with |G| even. Let x be a node in G of degree one or two. Then
there exists an edge e incident to x such that Gˆ({e}) has component trees G0, G1 with |G0|, |G1|
odd.
Proof. First assume the degree of x is one. Taking e to be the edge incident to x, we have that
Gˆ({e}) has component trees G0 = {x} and G1, where |G1| = |G| − 1 is odd. Thus e satisfies the
claim.
Now assume the degree of x is two. Let e1, e2 be the edges incident to x. Then we have that
Gˆ({e1, e2}) has component trees G0 = {x}, G1, G2, where the edge e1 connects x to a node in
G1 and e2 connects x to a node in G2. We have |G1|+ |G2| = |G|−1, so |G1|, |G2| have opposite
parity. Assume without loss of generality that |G1| is odd. Then we have that Gˆ({e1}) has
component trees G1 and some tree G
′
2. As |G1| is odd and |G
′
2| = |G| − |G1| is odd, we have
that e1 satisfies the claim. 
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Corollary 2.2. Let P be a polygon with n ≥ 4 sides, where n is even. Let s be a side in P .
Then there exists a diagonal d which contains an endpoint of s and induces a decomposition of
P into a pair of odd-sided polygons.
Proof. Let T be a triangulation of P . We have that |GT | = n − 2 is odd. There exists one
triangle T such that s is a side in T . Then at most two of the sides of T are diagonals in P ,
so the degree of the node T in GT is one or two. Then by Lemma 2.1 there exists an edge e
incident to the node T in GT such that GˆT ({e}) has component trees G0, G1 with |G0|, |G1|
odd. The edge e corresponds to some side d in T which is a diagonal in P , and thus necessarily
contains one of the endpoints of s. Then d induces a decomposition Dˆ({e}) of P into odd-sided
polygons P1, P2, as required. 
Lemma 2.3. Let G be a tree with degree less than or equal to three, and |G| ≥ 3. Then there
exists an edge e ∈ G such that Gˆ({e}) has component trees G0, G1, where |G0| ∈ {2, 3}.
Proof. The graph G has some leaf r. Choose r to be the root of G. First assume G has no
nodes of degree three. Then let y be a node of maximum depth in G. As |G| ≥ 3, the depth of
y must be two or more, so y has degree one and has a parent x of degree two. Let e be the edge
connecting x to its parent. Then Gˆ({e}) has component trees G0, G1, where G0 consists of the
nodes x, y, satisfying the claim.
Now assume that G has degree three. Let x be a node of degree three and maximum depth,
so that all descendants of x are less than degree three. Then there exist exactly two leaves y1
and y2 that are descendants of x. We consider the two possibilities separately:
Case 1: Assume one of the leaves, say y1, has a degree two parent z. Let e be the edge
connecting z to its parent. Then Gˆ({e}) has component trees G0, G1, where G0 consists of the
nodes x, y1, satisfying the claim.
Case 2: Assume y1 and y2 both have degree three parents. Then, by the assumption on x,
they must have the same parent x. Let e be the edge connecting x to its parent. Then Gˆ({e})
has component trees G0, G1, where G0 consists of the nodes x, y1, y2, satisfying the claim. 
Corollary 2.4. Let P be a polygon with n ≥ 5 sides. Then there exists a diagonal d in P which
induces a decomposition of P into polygons P0, P1, where P0 is a quadrilateral or a pentagon.
Proof. Let T be a triangulation of P . Then |GT | = n−2 ≥ 3, so by Lemma 2.3, GT contains some
edge e such that Gˆ({e}) has component trees G1, G2, where |G1| ∈ {2, 3}. Then e corresponds
to a diagonal d in P which induces a decomposition DˆT ({e}) into polygons P0, P1, where Pi has
sides numbering |Gi|+2. But then P0 is a quadrilateral or a pentagon, completing the proof. 
Lemma 2.5. Let G be a tree of degree less than or equal to three with |G| ≥ 3 and |G| odd. Then
there exists 0 ≤ k ≤ 5 and a set of k edges E of G such that the component trees G0, . . . , Gk of
Gˆ(E) satisfy:
(i) |G0| = 3 and |G1|, . . . , |Gk| are even;
(ii) For 1 ≤ i ≤ k, there exists an edge ei in E which connects Gi to G0.
Proof. We go by induction on |G|. For the base case, note that if |G| = 3, then taking k = 0,
G0 satisfies the claim.
Now assume |G| > 3, and the claim holds for smaller trees by induction. By Lemma 2.3,
there exists an edge e ∈ G such that deleting e from G leaves component trees G′1, G
′
2, where
|G′1| ∈ {2, 3}. First assume |G
′
0| = 3. Then |G
′
1| = |G| − 3 is even, so taking k = 1, E = {e},
G0 = G
′
0, G1 = G
′
1 satisfies the claim.
Now assume |G′0| = 2. Then |G
′
1| = |G| − 2 is odd. By the induction assumption there exists
0 ≤ k′′ ≤ 5 and a set of k′′ edges E ′′ of G′1 with component trees G
′′
0 , . . . , G
′′
k′′ of Gˆ
′
1(E
′′) that
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satisfy |G′′0 | = 3, |G
′′
1 |, . . . , |G
′′
k| are even, and for 1 ≤ i ≤ k
′′, there exists an edge e′′i in E which
connects G′′i to G
′′
0. The edge e in G must connect G
′
0 to exactly one of the components G
′′
i .
Assume first that e connects G′0 to G
′′
i , for some i ∈ {1, . . . , k
′′}. Then, let k = k′′, E = E ′′,
Gj = G
′′
j for 0 ≤ j ≤ k
′′ with j 6= i, and let Gi be the tree consisting of G
′
0 and G
′′
i connected
by the edge e. As |Gi| = |G
′′
i |+ 2 is even, this choice of k, E , G0, . . . , Gk satisfies the claim.
Finally, assume e connects G′0 to G
′′
0 . Note that, since the maximum degree of nodes in G is
three, the nodes in G′′0 can be adjacent to at most five nodes outside of G
′′
0 in G. Therefore we
have 0 ≤ k′′ ≤ 4. Thus, taking k = k′′ + 1, E = E ′′ ∪ {e}, Gi = G
′′
i for 1 ≤ i ≤ k
′′, and Gk = G
′
0
satisfies the claim. This completes the induction step, and the proof. 
Corollary 2.6. Let P be a polygon with n ≥ 5 sides, where n is odd. Then there exists 0 ≤ k ≤ 5
and a decomposition D = {P0, P1, . . . , Pk} of P such that
(i) P0 is a pentagon, and P1, . . . , Pk are even-sided polygons;
(ii) For 1 ≤ i ≤ k, Pi ∩ P0 is a diagonal in P .
Proof. Let T be a triangulation of P . Then |GT | = n − 2 ≥ 3, so there exists 0 ≤ k ≤ 5 and
a set of k edges E in GT which satisfy the conditions of Lemma 2.5. But then the associated
decomposition DˆT (E) satisfies the conditions of the lemma claim, since P0 has |G0|+2 = 5 sides,
and Pi has an even number, |Gi|+ 2 sides, for 1 ≤ i ≤ k. 
Note that, as P is simple, the conditions of Lemma 2.6 imply that for 1 ≤ i, j ≤ k, i 6= j, the
polygons Pi, Pj may meet at most in a vertex in P . Thus Lemma 2.6 represents a a decomposition
of odd-sided polygons into a pentagonal ‘hub’, and even-sided polygons attached along sides of
the pentagon, as in Fig. 13.
P0
P1
P3
P2
Fig. 13: Decomposition of P into pentagonal hub P0 and even-sided polygons P1, P2, P3
3. Guards
A half-guard in a polygon P is a pair g = (xg,Hg), where xg is a point in P , and Hg is a closed
half-plane such that xg lies on the boundary ∂Hg of Hg. We say g is a boundary half-guard for
P if xg ∈ ∂P . If y is another point in P , we say that g sees y if the line segment xgy is contained
in P ∩ Hg. If G is a collection of half-guards, we say that G monitors P provided that, for all
y ∈ P , there exists g ∈ G such that g sees y.
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We will depict half-guards g in diagrams by placing a dot at xg, and indicate the associated
half-plane Hg with a semicircle centered at xg contained in Hg, as shown in Fig. 14.
Fig. 14: Half-guards in a polygon P . The regions of P seen by each guard are illuminated.
3.1. Cooperative half-guards. If g, h are half-guards, we will abuse notation slightly and
write g sees h to mean that g sees xh. For a collection G of half-guards, the mutual visibility
graph VG is the graph with nodes G, with an edge between nodes g and h if and only if g and h
see each other.
Definition 3.1. Let G be a collection of half-guards in a polygon P . We say that G is a
cooperative half-guard (CHG) set for P provided that:
(i) G monitors P .
(ii) VG is connected.
In other words, every point in P must be seen by some g ∈ G, and for every pair g, h of half-
guards in G, there exists a sequence of half-guards g = g0, g1, . . . , gk = h in G such that gi−1 and
gi see each other, for all 1 ≤ i ≤ k.
Definition 3.2.
(i) For a polygon P , define cg(P, 180◦) to be the minimum number of half-guards required
to form a cooperative half-guard set for P , i.e.:
cg(P, 180◦) := min{|G| | G is a CHG set for P}
(ii) For n ≥ 3, define cg(n, 180◦) to be the maximum number of half-guards required to
form a cooperative half-guard set for any polygon with n sides, i.e.:
cg(n, 180◦) := max{cg(P, 180◦) | P is an n-sided polygon}
(iii) For even n ≥ 4, define cg⊥(n, 180◦) to be the maximum number of half-guards required
to form a cooperative half-guard set for any orthogonal polygon with n sides, i.e.:
cg⊥(n, 180◦) := max{cg(P, 180◦) | P is an n-sided orthogonal polygon}
For arbitrary P , it is a difficult computational problem (NP-hard, as shown in [5]) to work
out the value of cg(P, 180◦). Our goal in this paper is to give an explicit description of the values
cg(n, 180◦) and cg⊥(n, 180◦) for all applicable n.
3.2. Full-guards. One can similarly define cooperative full-guard (CFG) sets for polygons,
where full guards are assumed to see points in any direction, not just within an associated half-
plane. We use the notation cg(n, 360◦), etc., to describe values analogous to Definition 3.2 for
CFG sets. The following theorem was proved by Herna´ndez-Pen˜alver [3].
Theorem 3.3.
(i) For all n ≥ 4 we have cg(n, 360◦) = ⌊n/2⌋ − 1.
(ii) For all even n ≥ 6 we have cg⊥(n, 360◦) = n/2− 2.
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It is clear from definitions that we must have cg(P, 180◦) ≥ cg(P, 360◦) and cg⊥(P, 180◦) ≥
cg⊥(P, 360◦), since if G is a CHG set for P , then replacing every half-guard in G with a full-
guard yields an CFG set for P . These are not equalities in general; Figs. 1 and 2 show an
example of a polygon P such that cg(P, 360◦) = 1 and cg(P, 180◦) = 2. While it is not true
that cg(P, 180◦) = cg(P, 360◦) in general, we will demonstrate in Corollaries 6.2 and 7.2 that we
nonetheless have cg(n, 180◦) = cg(n, 360◦) and cg⊥(n, 180◦) = cg⊥(n, 360◦) for all applicable n.
3.3. Special half-guards. We now introduce some terminology used in this paper for special
classes of half-guards.
Definition 3.4. Let g be a boundary half-guard for P . Let u, v 6= xg be vertices of P adjacent
to xg. Let C be the cone formed by the interior angle ∠uxgv in P . We say that g is an entire
boundary half-guard for P if C ⊆ Hg.
In other words, g is an entire boundary half-guard for P if and only if xg ∈ ∂P is not a
reflex vertex and Hg is oriented in such a way that maximizes the region in P seen by g. Some
examples of entire and non-entire boundary half-guards are shown in Figs. 15 and 16.
Fig. 15: Entire boundary half-guards Fig. 16: Non-entire boundary half-guards
The following lemma is clear:
Lemma 3.5. Let g be an entire boundary half-guard in a polygon P . Let Q ⊆ P be a polygon
which contains xg. Then g is an entire boundary half-guard in Q.
Definition 3.6. Let t ⊂ ∂P be a line segment. Let g be a half-guard in P such that g is colinear
to t, sees every point in t, and ∂Hg is colinear to t if xg ∈ t. Then we say that g is t-aligned. If
G is a CHG set for P that contains a t-aligned half-guard g, we say that G is t-aligned.
We will use t-aligned half-guards as a tool for merging CHG sets for polygons in partitions of
P into a CHG set for P . Some examples of t-aligned and non-t-aligned half-guards are shown
in Figs. 17 and 18.
t t
Fig. 17: t-aligned half-guards Fig. 18: Non-t-aligned half-guards
4. Triangles, quadrilaterals and pentagons
In this section we show that polygons with n = 3, 4, 5 sides can be monitored by one half-
guard which satisfies certain additional conditions. The lemmas in this section will play a role
in constructing CHG sets for polygons of arbitrary size.
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Lemma 4.1. Let P be a convex polygon and g be an entire boundary half-guard in P . Then
{g} monitors P . In particular, a triangle is monitored by any entire boundary half-guard.
Proof. As P is convex, for each side s of P , there exists a closed half-plane Hs with ∂Hs colinear
to s such that P =
⋂
sHs. If xg is on the relative interior of a side s, then Hs = Hg, and if
xg is at a vertex where sides s, t meet, then we have Hs ∩Ht ⊂ Hg by the definition of entire
boundary half-guards. Thus P ⊆ Hg. Moreover, by convexity of P , we have xgp ⊂ P for all
p ∈ P , so the result follows. 
Lemma 4.2. Let Q be a quadrilateral, v be a convex vertex of Q, and assume that both vertices
adjacent to v are convex as well. If g is an entire boundary half-guard at v, then {g} monitors
Q.
Proof. If all vertices of Q are convex, then Q is convex and thus the statement follows by
Lemma 4.1. Thus we may assume that Q = [u, v, w, x], where x is a reflex vertex in Q. There
exists a triangulation of Q of size two, and since x is reflex, it must belong to both triangles
in the triangulation. Thus T = {[v,w, x], [v, u, x]}. Note then that g is an entire boundary
half-guard in both triangles in T by Lemma 3.5, so {g} monitors each by Lemma 4.1. Therefore
{g} monitors Q. 
Lemma 4.3. Let Q be a quadrilateral and s be any side in Q. There exists an s-aligned entire
boundary half-guard g such that {g} monitors Q.
Proof. We describe the guard g in three different cases. First, assume Q is convex, as in Fig. 19.
Then we may place an s-aligned entire boundary half-guard g at any point in the relative interior
of s. Then {g} will be s-aligned and monitor Q by Lemma 4.1.
bs b
s
sb
Fig. 19: Q convex Fig. 20: Reflex vertex on s Fig. 21: Reflex vertex not on s
Next, assume one of the endpoints of s is a reflex vertex, as in Fig. 20. Then s = wv for some
vertices v,w in Q, with v reflex. The ray #  »wv passes into the interior of Q and intersects ∂Q
at some point b, which cannot be a reflex vertex, as Q can have at most one reflex vertex. We
place an entire boundary half-guard g at the point b. The quadrilateral Q may be partitioned
along the #  »wv-cut wb into two triangles T1, T2, and since g is an entire boundary half-guard in
each triangle by Lemma 3.5, we have by Lemma 4.1 that {g} monitors Q = T1 ∪ T2. Moreover,
as xg /∈ s and g sees s, we have that g is s-aligned.
Finally, assume that Q is non-convex, but both endpoints of s are convex vertices, as in
Fig. 21. Let b be the vertex of s nonadjacent to a reflex angle of Q. Let g be the entire boundary
half-guard for P at b with half-plane oriented such that ∂Hg is colinear to s. Then g is s-aligned,
and it follows by Lemma 4.2 that {g} monitors Q. 
Lemma 4.4. Let P be a pentagon. There exists an entire boundary half-guard g for P such
that {g} monitors P , and xg is not a vertex of P .
Proof. The pentagon P has 0, 1 or 2 reflex vertices. If P has no reflex vertices, then it is convex,
and so an entire boundary half-guard placed along the relative interior of any side of P satisfies
the claim by Lemma 4.1.
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Now assume P has one reflex vertex. Let P = [u, v, w, x, y], with v reflex. The ray # »uv passes
from v into the interior of P and intersects ∂P at some point b. If b is not a vertex, as in Fig. 22,
then we may place an entire boundary half-guard g for P at b. Then P may be partitioned
along the # »uv-cut vb into two convex polygons P1 and P2. As g is an entire boundary half-guard
in each of the convex polygons P1, P2 by Lemma 3.5, we have that {g} monitors P = P1 ∪ P2
by Lemma 4.1.
y
w v
u
x
b
y
w
v
u
x
b
Fig. 22: Half-guard on ray from reflex vertex Fig. 23: Half-guard on reflex angle bisector
Similarly, if the ray #  »wv intersects ∂P at a non-vertex point b, placing an entire boundary half-
guard at b satisfies the claim. Assume then that # »uv intersects ∂P at x and #  »wv intersects ∂P at
y, as in Fig. 23. Then there exists some b in the relative interior of xy such that vb is a bisector
for the interior angle at v. Then P may be partitioned along vb into two convex polygons P1 and
P2. Place an entire boundary half-guard g for P at b. We have then that g is an entire boundary
half-guard for P1 and P2 by Lemma 3.5, and so {g} monitors P = P1 ∪ P2 by Lemma 4.1.
Finally, assume that P has two reflex vertices. Then there are two possible cases; either the
reflex vertices are adjacent or nonadjacent. First assume that the reflex vertices are nonadjacent.
Let P = [u, v, w, x, y] with u,w reflex, as in Fig. 24. Then the ray #  »vw must intersect ∂P at some
point b in the relative interior of the side xy. Then P may be partitioned along the #  »vw-cut wb
into the triangle T = [b, w, x] and the quadrilateral Q = [b, y, u, v]. Place an entire boundary
half-guard g for P at b. We have then that g is an entire boundary half-guard for P1 and P2 by
Lemma 3.5, and thus {g} monitors P = P1 ∪ P2 by Lemmas 4.1 and 4.2.
b
u
v
w
x y
b
u
v
w
x y
Fig. 24: Nonadjacent reflex vertices Fig. 25: Adjacent reflex vertices
Next, assume that the reflex vertices are adjacent. Let P = [u, v, w, x, y], with v,w reflex, as
in Fig. 25. Then the ray # »uv must intersect ∂P at some point b in the relative interior of the
side xy. Then P may be partitioned along the # »uv-cut vb into the triangle T = [b, y, u] and the
quadrilateral Q = [b, v, w, x]. Place an entire boundary half-guard g for P at b. We have then
that g is an entire boundary half-guard for P1 and P2 by Lemma 3.5, and thus {g} monitors
P = P1 ∪ P2 by Lemmas 4.1 and 4.2. 
5. Merging half-guard sets
In this section we develop tools for constructing a CHG set for a polygon P by merging CHG
sets for polygons which partition P .
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Lemma 5.1. Assume P is a polygon monitored by an entire boundary half-guard g at b ∈ ∂P .
Let vw be a side in P not containing b. Then P contains the triangle T = [b, v, w] and g is an
entire boundary half-guard in T which monitors T .
Proof. As g monitors P , we have that each of the line segments bv, bw, vw belong to P . Since P
is simple, we have T ⊆ P , and therefore g is an entire boundary half-guard in T by Lemma 3.5
and monitors T by Lemma 4.1. 
Lemma 5.2. Let V be a graph, and assume that V1, V2 are connected subgraphs of V , and every
node of V belongs to at least one of V1, V2. Assume there exists x ∈ V1, y ∈ V2 which are
adjacent in V . Then V is connected.
Proof. Let v,w be any nodes in V . If v,w both belong to Vi, for i ∈ {1, 2}, then since Vi is
connected, there exists a path v → w in V . Assume then that v ∈ V1, w ∈ V2. Since V1 is
connected, there exists a path v → x in V1, and since V2 is connected, there exists a path y → w
in V2. Therefore the concatenation v → x→ y → w is a path in V . Similarly, if v ∈ V2, w ∈ V1,
then we have a path v → y → x → w in V . Thus V is connected. 
Lemma 5.3. If G is a CHG set for P , and g is an entire boundary half-guard in P , then G∪{g}
is a CHG set for P .
Proof. Since G monitors P , there exists some h ∈ G that sees xg. Let u, v 6= xg be vertices
adjacent to xg in P , and let C be the cone formed by the interior angle ∠uxgv. As g is an
entire boundary half-guard, we have that C ⊆ Hg. As h sees xg, the line segment xhxg must
be contained in P , and therefore must also be contained in C. Therefore xhxg is contained in
Hg ∩ P , so g sees h. Thus VG∪{g} is connected by Lemma 5.2, completing the proof. 
Lemma 5.4. Let P be a polygon, and P1, P2 be polygons which partition P and meet in a line
segment s = P1 ∩ P2. For i ∈ {1, 2}, let Gi be an s-aligned CHG set for Pi. Then G = G1 ∪ G2 is
a CHG set for P .
Proof. It is clear that G monitors P , so we must show only that VG is connected. For i ∈ {1, 2},
let gi ∈ Gi be an s-aligned half-guard in Pi.
First, assume that xg1 ∈ s. Since xg2 sees all of s, we have that g2 sees g1. Thus xg1xg2 ⊂ P .
But xg1xg2 is colinear to s as well, and is thus by assumption colinear to ∂Hg1 . Therefore
xg1xg2 ⊂ Hg1 , and thus g1 sees g2. Thus it follows by Lemma 5.2 that VG is connected. The
case where xg2 ∈ s follows similarly.
Then assume that neither of xg1 , xg2 lie on s. Since s = P1 ∩ P2, we have that xg1 /∈ P2 and
xg2 /∈ P1. Writing s = uv, we have then that xg1 , xg2 , u, v are colinear and distinct. Assume
without loss of generality that u is the vertex of s closest to xg1 . Then xg2 cannot lie on the line
segment xg1u, since by assumption xg1u ⊂ P1 because g1 sees u in P1. Similarly xg1 cannot lie
on the line segment xg2u because g2 sees u in P2. Therefore xg2 must lie on the opposite side
of s from xg1 , so that v is the vertex of s closest to xg2 . Therefore the ray
#      »xg1u contains the
point xg2 , and the ray
#      »xg2v contains the point xg1 . Since g1 sees u, it follows that xg2 ∈ Hg1 ,
and since g2 sees v, it follows that xg1 ∈ Hg2 . Since xg1xg2 = xg1u ∪ uv ∪ vxg2 ⊆ P1 ∪ P2 = P ,
it follows that g1 and g2 see each other in P . Thus by Lemma 5.2, VG is connected. 
6. Cooperative half-guard sets for arbitrary polygons
In this section we prove our main theorem, which affirms that a CHG set of size ⌊n/2⌋ − 1
exists for every polygon with n ≥ 4 sides.
Theorem 6.1. Let P be a polygon with n ≥ 4 sides.
(i) If n is odd, then there exists a CHG set G for P such that |G| = (n− 3)/2.
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(ii) If n is even, then for any side s in P , there exists an s-aligned CHG set G for P such
that |G| = (n− 2)/2.
Proof. We go by induction on n. The base case n = 4 is the content of Lemma 4.3. Now assume
that P is a polygon with n > 4 sides, and the theorem statement holds for every polygon with
fewer than n sides. We consider the even and odd cases for n separately.
Assume n is even. Let s = uv be a side in P . We proceed in cases (E1–E4) below.
(E1) Assume u, v are convex vertices in P . By Lemma 2.2, we may assume without loss of
generality that there is another vertex w ∈ P such that uw is a diagonal which decomposes P
into polygons P1, P2, with sides numbering n1, n2, where n1 + n2 = n+ 2 and n1, n2 are odd.
w
u
g
v
P1
P2
Fig. 26: (E1) – Convex endpoints on s; diagonal decomposes P into odd-sided polygons
Place an entire boundary half-guard g for P at u, with ∂Hg colinear to s, as in Fig. 26. We
have then that g is s-aligned. We further have that g is an entire boundary half-guard in both of
P1 and P2. If either of these polygons is a triangle, then they are monitored by g by Lemma 4.1.
Let i ∈ {1, 2}. If ni = 3, then set Gi = ∅. If ni ≥ 5, then by the induction assumption we may
let Gi be a CHG set for Pi such that |Gi| = (ni−3)/2. Then we have by Lemma 5.3 that Gi∪{g}
is a CHG set for Pi. Then we have that P is monitored by the set G = G1 ∪ {g} ∪ G2 of size
|G| =
n1 − 3
2
+ 1 +
n2 − 3
2
=
n1 + n2 − 4
2
=
n− 2
2
,
and VG is a connected graph by Lemma 5.2. Therefore G is a CHG set for P which satisfies claim
(ii).
In cases (E2–E4) we then assume, without loss of generality, that the endpoint v of s = uv
is a reflex vertex in P . Then the ray # »uv passes into the interior of P and first intersects ∂P at
some point b. We may decompose P along the # »uv-cut ub into two polygons P1 and P2, of of
size n1 and n2 respectively. We have that n1, n2 are either both odd (E2), both even (E3), or
opposite parity (E4), and we approach these cases separately below.
(E2) Assume n1, n2 are odd. Then it follows that b is on the relative interior of a side of P ,
and n1 + n2 = n+ 2. Assume moreover that n1, n2 are odd. Then we place an entire boundary
half-guard g for P at b, as in Fig. 27. Then we have that g is s-aligned. With CHG sets G1,
G2 for P1, P2 selected via the induction assumption, we may construct an s-aligned CHG set
G = G1 ∪ {g} ∪ G2 for P of cardinality (n− 2)/2, with the argument proceeding exactly as in the
case (E1).
v
u
g
P1
P2
Fig. 27: (E2) – The # »uv-cut partitions P into odd-sided polygons
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(E3) Assume n1, n2 are even. Then it follows that b is on the relative interior of a side of P ,
and n1 + n2 = n + 2. We may assume that we have labeled the polygons P1, P2 such that ub
is a side in P1 and vb is a side in P2. By the induction assumption, there exists an ub-aligned
CHG set G1 for P1 such that |G1| = (n1 − 2)/2. Let g1 be the ub-aligned half-guard in G1. Note
that since g1 is ub-aligned, we have that g1 is uv- and vb-aligned as well. There also exists by
induction a vb-aligned CHG set G2 for P2 such that |G2| = (n2 − 2)/2. Let g2 be the vb-aligned
half-guard in G2, as in Fig. 28.
b
u
vP1
P2
g1
g2
Fig. 28: (E3) – The # »uv-cut partitions P into even-sided polygons
It follows then by Lemma 5.4 that G = G1 ∪ G2 is an s-aligned CHG set for P . Since
|G| =
n1 − 2
2
+
n2 − 2
2
=
n1 + n2 − 4
2
=
n− 2
2
,
we have that G satisfies claim (ii).
(E4) Now assume that n1, n2 have opposite parity. Then it follows that b is a vertex of P ,
and n1 + n2 = n + 1. We assume without loss of generality that n1 is odd and n2 is even. By
the induction assumption, there exists a CHG set G1 for P1 such that |G1| = (n1 − 3)/2, and
there exists a vb-aligned CHG set G2 for P2 such that |G2| = (n2−2)/2. Let g2 be the vb-aligned
guard in G2, as in Fig. 29.
b
u
v
P1
P2
g
g2
Fig. 29: (E4) – The # »uv-cut partitions P into even- and odd-sided polygons
Let g be a half-guard such that xg = v, with half-plane Hg oriented such that ∂Hg is colinear to
ub and g is an entire boundary half-guard for P1. Note then that g sees all of uv and vb as well,
so that g is uv-aligned and vb-aligned. Then it follows by Lemma 5.3 that VG1∪{g} is connected,
and then by Lemma 5.4 that G = G1 ∪ {g} ∪ G2 is a CHG set for P . Since g is s-aligned and
|G| =
n1 − 3
2
+ 1 +
n2 − 2
2
=
n1 + n2 − 3
2
=
n− 2
2
,
we have that G satisfies claim (ii).
This concludes the proof of the induction step when n is even.
Assume n is odd. By Lemma 2.6 there exists 0 ≤ k ≤ 5 and a decomposition D =
{P0, P1, . . . , Pk} of P such that P0 is a pentagon, P1, . . . , Pk are even-sided polygons, Pi and
Pj have no sides in common for 1 ≤ i, j ≤ k, i 6= j, and each shares exactly one side with P0.
Letting ni represent the number of sides of Pi, we have n1 + · · · + nk = n+ 2k − 5.
By Lemma 4.4, there exists an entire boundary half-guard g for P0 such that {g} monitors
P0, and xg is not a vertex of P0, as in Fig. 30. If k = 0, then P = P0, so n = 5 and {g} satisfies
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(i). Thus we assume k ≥ 1. Let i ∈ {1, . . . , k}. Assume that s = uv is the edge shared by P0
and Pi. We now construct a CHG set for Pi via the induction assumption.
P0
P1
P3
P2
g
g21
g22 g
2
3
g31
g11
g12
Fig. 30: Decomposition of P into polygons P0, . . . , P3, with g and CHG sets Gi = {gi1, . . . , g
i
(ni−2)/2
}
First assume that xg is not colinear to s (as is the case with P1 in Fig. 30). Then by Lemma 5.1,
g is an entire boundary half-guard in T = [xg, u, v] ⊆ P0. Then P
′
i = Pi ∪ T is a polygon with
ni + 1 sides, and g is an entire boundary half-guard in P
′
i . By the induction assumption, there
exists a CHG set Gi for P
′
i of size (ni− 2)/2. By Lemma 5.3, we have that VGi∪{g} is connected.
Next assume that xg is colinear to s. If xg ∈ s (as is the case with P2 in Fig. 30), then, since
xg is in the relative interior of s and an entire boundary half-guard for s, it follows that ∂Hg
is colinear to s. If xg /∈ s (as is the case with P3 in Fig. 30), we nonetheless have that g sees
all of s since {g} monitors P0. Therefore, in either case, g is s-aligned in P0. By the induction
assumption, there exists an s-aligned CHG set Gi for Pi of size (ni − 2)/2. By Lemma 5.4, it
follows then that Gi ∪ {g} is a CHG set for Pi ∪ P0, so VGi∪{g} is connected.
With half-guard sets Gi, for i ∈ {1, . . . , k} constructed as above, let G := G1 ∪ · · · ∪ Gk ∪ {g}.
Each VGi∪{g} graph is connected, so it follows by inductive application of Lemma 5.2 that VG is
connected. As Gi monitors Pi for all i, and {g} monitors P0, we have that G monitors P as well.
Finally, we note that
|G| = 1 +
k∑
i=1
|Gi| = 1 +
k∑
i=1
ni − 2
2
=
n1 + · · ·+mk − 2k + 2
2
=
n− 3
2
,
so G is a CHG set for P that satisfies condition (i). This completes the induction step, and the
proof. 
Corollary 6.2. For all n ≥ 4, we have cg(n, 180◦) = ⌊n/2⌋ − 1.
Proof. Noting that
⌊n/2⌋ − 1 =
{
(n− 2)/2 if n is even;
(n− 3)/2 if n is odd,
we have by Theorem 6.1 that for every polygon with n sides, there exists a CHG set of cardinality
⌊n/2⌋ − 1, so cg(n, 180◦) ≤ ⌊n/2⌋ − 1. We additionally have by Theorem 3.3 that cg(n, 180◦) ≥
cg(n, 360◦) = ⌊n/2⌋ − 1, so the claim follows. 
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7. Cooperative half-guard sets for orthogonal polygons
In this section we show that the result of Theorem 6.1 may be improved upon slightly when
P is an orthogonal polygon.
Theorem 7.1. Let P be an orthogonal polygon with n ≥ 6 sides. Then there exists a CHG set
G for P such that |G| = n/2− 2.
Proof. We go by induction on n. Let P be an orthogonal polygon with n ≥ 6 sides. Then P
has a reflex vertex v. Let u be a vertex adjacent to v. The ray # »uv passes into the interior of P
and first intersects ∂P at some point b. Then we may partition P along the # »uv-cut vb into two
orthogonal polygons P1, P2, with sides numbering n1, n2 respectively.
First, note that if n = 6, then n1 = n2 = 4, and b must be on the relative interior of an edge
of P . Place an entire boundary half-guard g for P at b. Then {g} monitors P = P1 ∪ P2 by
Lemma 4.1. This serves as the base case for our induction argument, so we now assume that
n > 6 and that the claim holds for n′ < n. The point b described above must be on the relative
interior of an edge of P or at a reflex vertex of P . We consider these cases separately.
Assume b is on the relative interior of an edge of P . Then n1 + n2 = n + 2. Place an entire
boundary half-guard g for P at b. Then g is an entire boundary half-guard in both P1 and
P2. If ni = 4 for i ∈ {1, 2}, then Pi is a rectangle, and thus {g} monitors Pi by Lemma 4.1.
Now assume that n > 6. Let i ∈ {1, 2}. If ni = 4, set Gi = ∅. Otherwise by the induction
assumption, let Gi be a CHG set for Pi of size ni/2− 2. Note that by Lemma 5.3, Gi ∪ {g} is a
CHG set for Pi. Letting G = G1 ∪ {g} ∪ G2 we have by Lemma 5.2 that VG is connected and G
monitors P = P1 ∪ P2, so G is a CHG set for P of size
|G| =
(n1
2
− 2
)
+ 1 +
(n2
2
− 2
)
=
n1 + n2 − 2
2
− 2 =
n
2
− 2,
as required.
Assume b is a reflex vertex in P . Then n1 + n2 = n, so we have n > 6. Let i ∈ {1, 2}, and
place an entire boundary half-guard gi for Pi on the relative interior of the edge vb. As above, if
ni = 4, then {g} monitors Pi, so if ni = 4, set Gi = ∅. Otherwise by the induction assumption,
let Gi be a CHG set for Pi of size ni/2 − 2. Note that by Lemma 5.3, Gi ∪ {gi} is a vb-aligned
CHG set for Pi. It follows then by Lemma 5.4 that G = G1 ∪ {g1} ∪ {g2} ∪ G2 is a CHG set for
P = P1 ∪ P2 of size
|G| =
(n1
2
− 2
)
+ 2 +
(n2
2
− 2
)
=
n1 + n2
2
− 2 =
n
2
− 2,
as required. This completes the induction step, and the proof. 
Fig. 31: Orthogonal polygon with 26 sides and CHG set of cardinality 11
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Corollary 7.2. For all n ≥ 6, we have cg⊥(n, 180◦) = n/2− 2.
Proof. We have that cg⊥(n, 180◦) ≥ cg⊥(n, 360◦) = n/2 − 2 by Theorem 3.3, and we have by
Theorem 7.1 that cg⊥(n, 180◦) ≤ n/2− 2, so the claim follows. 
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